Regulous vector bundles by Kucharz, Wojciech & Zieliński, Maciej
ar
X
iv
:1
70
3.
05
56
6v
1 
 [m
ath
.A
G]
  1
6 M
ar 
20
17
REGULOUS VECTOR BUNDLES
WOJCIECH KUCHARZ AND MACIEJ ZIELIN´SKI
Abstract. Among recently introduced new notions in real algebraic geometry
is that of regulous functions. Such functions form a foundation for the devel-
opment of regulous geometry. Several interesting results on regulous varieties
and regulous sheaves are already available. In this paper, we define and inves-
tigate regulous vector bundles. We establish algebraic and geometric proper-
ties of such vector bundles, and identify them with stratified-algebraic vector
bundles. Furthermore, using new results on curve-rational functions, we char-
acterize regulous vector bundles among families of vector spaces parametrized
by an affine regulous variety. We also study relationships between regulous
and topological vector bundles.
Introduction
In [26], the first named author and K.Kurdyka introduced and investigated a new
class of vector bundles on real algebraic varieties, called stratified-algebraic vector
bundles. Such vector bundles occupy an intermediate position between algebraic
vector bundles and topological vector bundles. They have many desirable features
of algebraic vector bundles but are more flexible. The main focus of [26] and the
sequel papers [22, 24, 27] was on comparison of algebraic, stratified-algebraic, and
topological vector bundles. Stratified-algebraic vector bundles also fit into regulous
geometry developed by Fichou, Huisman, Mangolte and Monnier [9]. However, this
connection was only briefly indicated in [26]. Our goal in this paper, which can be
viewed as a prequel to [22, 24, 26, 27], is to fill in this gap.
Along the way, we present a slightly different approach to regulous geometry,
based on stratifications and the paper of Kolla´r and Nowak [16]. Assuming [16], we
give in Sections 1, 2 and 3 a self-contained exposition of basic notions of regulous
geometry. Regulous vector bundles are defined and studied in Section 4. The main
result is Theorem 4.14. We prove, in particular, that any regulous vector bundle
on an affine regulous variety is isomorphic to a subbundle of some trivial vector
bundle. This allows us to identify regulous vector bundles with stratified-algebraic
vector bundles, cf. Remark 4.18. We consider F-vector bundles, where F denotes
R, C, or H (the quaternions). This is justified since F-vector bundles have already
proved to be very useful in real algebraic geometry, cf. [2–7, 20–22, 24, 26, 27, 39].
In Section 5, we investigate which families of F-vector spaces on an affine regulous
(resp. affine real algebraic) variety are actually regulous (resp. algebraic) F-vector
bundles. Our results, Theorems 5.2 and 5.3, depend on the recent paper [17]. It is a
challenging problem to find a characterization of these topological F-vector bundles
which admit a regulous structure. We address this problem in Section 6, where the
main results are Theorems 6.4 and 6.5.
Regulous geometry is a new subfield of real algebraic geometry. It is fair to
say that to regulous geometry belong all the results in which regulous functions,
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stratified-regular functions or continuous rational functions (these classes of func-
tions are all identical under certain assumptions) play an essential role. For a more
complete picture of regulous geometry, the reader may consult [3, 9, 10, 16–28, 32,
33, 39].
Throughout this paper, given real-valued functions f1, . . . , fk on some set Ω, we
put
Z(f1, . . . , fk) = {x ∈ Ω : f1(x) = 0, . . . , fk(x) = 0}.
1. Constructible sets and regulous maps
In order to fix terminology and notations, we recall some notions introduced in
[5], which we recommend for foundations of real algebraic geometry.
A locally ringed space (V,RV ), where RV is a sheaf of a real-valued functions
on V , is called an affine real algebraic variety if, for some positive integer n, it is
isomorphic to an algebraic subset of Rn endowed with the Zariski topology and
the sheaf of real-valued regular functions. More generally, (V,RV ) is called a real
algebraic variety if there exists a finite open cover {Ui}i∈I of V such that each
(Ui,RV |Ui) is an affine real algebraic variety. As usual, we often write V instead of
(V,RV ) and call RV the structure sheaf of V . Morphisms of real algebraic varieties
are called regular maps. The class of real algebraic varieties is identical with the
class of quasiprojective real algebraic varieties, cf [5, Proposition 3.2.10, Theorem
3.4.4]. For this reason, in real algebraic geometry one considers almost exclusively
affine varieties. However, non-affine varieties appear in a natural way as the total
spaces of pre-algebraic vector bundles, cf. [5, Chapter 12] and Section 4. Each
real algebraic variety carries also the Euclidean topology, which is induced by the
standard metric on R.
Recall that a subset A of an affine real algebraic variety V is said to be con-
structible if it belongs to the Boolean algebra generated by the Zariski closed subsets
of V . Thus A is constructible if and only if it is a finite union of Zariski locally
closed subsets of V . By a stratification of A we mean a finite collection S of pairwise
disjoint Zariski locally closed subsets of V whose union is A.
Proposition 1.1. Let V be an affine real algebraic variety, A ⊂ V a constructible
subset, and F a finite collection of constructible subsets of V with A ⊂
⋃
F . Then
there exists a stratification S of A such that each stratum of S is contained in some
element of F . Furthermore, such a stratification S can be chosen so that each
stratum of S is an irreducible Zariski locally closed subset of V .
Proof. All the assertions readily follow from the definition of constructible sets. 
Definition 1.2. Let V , W be affine real algebraic varieties, A ⊂ V a constructible
subset, and S a stratification of A. A map f : A → W is said to be S-regular if it
is continuous (in the Euclidean topology) and its restriction f |S is a regular map
for every stratum S ∈ S. Furthermore, f is said to be regulous if it is T -regular for
some stratification T of A.
Regulous maps coincide with stratified-regular maps introduced in [26] (where
only the case A = V is considered).
Proposition 1.3. Let V , W be affine real algebraic varieties, A ⊂ V a constructible
subset, and f : A→W a regulous map.
(1) If A0 ⊂ V is a constructible subset contained in A, then f |A0 is a regulous
map.
(2) If B ⊂ W is a constructible subset, then f−1(B) ⊂ V is a constructible
subset.
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Proof. Condition (1) follows from Proposition 1.1.
To prove (2), let S be a stratification of A such that f |S is a regular map for
every stratum S ∈ S. Then (f |S)−1(B) is a constructible subset of V . We get (2)
since f−1(B) =
⋃
S∈S(f |S)
−1(B). 
The definition of a regulous map is local in the following sense.
Proposition 1.4. Let V,W be affine real algebraic varieties, A ⊂ V a constructible
subset, and {U1, . . . , Ur} an open cover of A in the Euclidean topology. Assume
that each Ui is a constructible subset of V . For a map f : A → W , the following
conditions are equivalent:
(a) f is regulous.
(b) f |Ui is regulous for i = 1, . . . , r
Proof. It suffices to apply Proposition 1.1. 
The composition of regulous maps is a regulous map. More precisely, the follow-
ing holds:
Proposition 1.5. Let V , W , Z be affine real algebraic varieties, A ⊂ V , B ⊂ W
constructible subsets, and f : A → W , g : B → Z regulous maps with f(A) ⊂ B.
Then the map h : A → Z, defined by h(x) = g(f(x)) for all x ∈ A, is a regulous
map.
Proof. Once again it is enough to apply Proposition 1.1. 
Let V be an affine real algebraic variety and A ⊂ V a constructible subset. It
readily follows form Proposition 1.1 that the set R0(A) of all regulous functions on
A (that is, regulous maps from A into R) forms a subring of the ring C(A) of all
continuous (in the Euclidean topology) functions on A.
Proposition 1.6. Let V be an affine real algebraic variety, A ⊂ V a constructible
subset, and f1, . . . , fr regulous functions on A. Then Z(f1, . . . , fr) is a constructible
subset of V .
Proof. Setting f = f21 + . . .+ f
2
r , we get Z(f) = Z(f1, . . . , fr). It suffices to apply
Proposition 1.3 (2). 
2. The constructible topology
For any real algebraic variety V , we denote by V ns its set of nonsingular points,
that is,
V ns = {x ∈ V : the local ring RV,x is regular}
where RV is the structure sheaf of V . Recall that V ns is a Zariski open dense subset
of V .
Proposition 2.1. Let V be an affine real algebraic variety. Let A ⊂ V be a
constructible subset that is Euclidean closed and let W be the Zariski closure of A
in V . Then W ns ⊂ A.
Proof. By Proposition 1.1, A can be written as a finite disjoint union
A =
⋃
i∈I
(Zi \ Z
′
i)
where Z ′i ⊂ Zi are Zariski closed subsets with Z
′
i 6= Zi and Zi irreducible for all
i ∈ I. Let W1, . . . ,Wr be the irreducible components of W . Since Zi is irreducible,
we have Zi ⊂Wj for some j. Setting Ij = {i ∈ I : Zi ⊂Wj} we get
Wj =
⋃
i∈Ij
Zi
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for all j = 1, . . . , r. Furthermore, if
W ′j :=
⋃
i∈Ij
Z ′i,
then dim(W ′j) < dim(Wj) and
(W1 \W
′
1) ∪ . . . ∪ (Wr \W
′
r) ⊂ A.
In particular W nsj \W
′
j ⊂ A for every j. Since W
ns
j \W
′
j is Euclidean dense in W
ns
j ,
and A is Euclidean closed, we get W nsj ⊂ A. Hence
W ns ⊂W ns1 ∪ . . . ∪W
ns
r ⊂ A,
as required. 
Proposition 2.2. Let V be an affine real algebraic variety and let
A1 ⊃ A2 ⊃ A3 ⊃ . . .
be a sequence of constructible subsets of V that are Euclidean closed. Then the
sequence stabilizes, that is, there exists an integer k > 0 such that Ai = Ak for all
i ≥ k.
Proof. Let Wi be the Zariski closure of Ai in V . We use induction on dim(W1). In
the case dim(W1) = 0 the assertion is obvious since the considered sets are finite.
Suppose that dim(W1) > 0. The sequence W1 ⊃ W2 ⊃ W3 ⊃ . . . stabilizes and
hence there exists an integer l > 0 such that Wl = Wi for all i ≥ l. Set W := Wl.
By Proposition 2.1, we get a sequence
Al \W
ns ⊃ Al+1 \W
ns ⊃ Al+2 \W
ns ⊃ . . .
of constructible subsets of V which are Euclidean closed. This sequence stabilizes by
the induction hypothesis since Al\W ns ⊂W \W ns and dim(W \W ns) < dim(W ) ≤
dim(W1). It follows that the sequence Al ⊃ Al+1 ⊃ Al+2 ⊃ . . . stabilizes, which
completes the proof. 
Different proofs of Proposition 2.2 are given in [9, 29, 30, 33, 34].
Corollary 2.3. Let V be an affine real algebraic variety. The collection of all
Euclidean closed constructible sets is the family of closed sets for some topology on
V , called the constructible topology. The constructible topology is Noetherian.
Proof. This is a straightforward consequence of Proposition 2.2. 
Any subset S ⊂ V can be endowed with the topology induced by the con-
structible topology on V ; this topology on S is also Noetherian and called the
constructible topology. For the sake of convenience we will refer, when it does not
lead to any ambiguity, to the open (resp. closed) sets in the constructible topology
as constructible open (resp. constructible closed) sets.
The following classical result on semialgebraic functions will play a crucial role
in this paper (cf. [5, Proposition 2.6.4] for the proof).
Proposition 2.4. Let f : A→ R be a continuous semialgebraic function defined on
a locally closed semialgebraic subset A ⊂ Rn. Let g : A \Z(f)→ R be a continuous
semialgebraic function. Then for any integer N large enough, the function
h : A→ R defined by h = fNg on A \ Z(f) and h = 0 on Z(f)
is continuous. 
It will be convenient to have the following description of closed sets in the con-
structible topology, cf. [9, The´ore`me 6.4].
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Proposition 2.5. Let V be an affine real algebraic variety and let A ⊂ V be
a constructible closed set. Then there exists a regulous function f : V → R with
Z(f) = A.
Proof. We may assume that V ⊂ Rn is a Zariski closed subset. Hence, in view of
Proposition 1.3 (1), the proof is reduced to the case V = Rn.
Let W ⊂ Rn be the Zariski closure of A in Rn. We use induction on dim(W ).
The case dim(W ) = 0 is obvious since W is then a finite set.
Suppose dim(W ) > 0. By Proposition 2.1, W ns ⊂ A and hence
W = A ∪ Z, where Z = W \W ns.
Let φ and ψ be regular functions on Rn with Z(φ) = W and Z(ψ) = Z. Consider
the functions
1
φ2
: Rn \W = (Rn \A) \ (Z \ (A ∩ Z))→ R
ψ|Rn\A : R
n \A→ R.
Since Z(ψ|Rn\A) = Z \(A∩Z), it follows from Proposition 2.4 that for a sufficiently
large integer N , the function α : Rn \A→ R defined by
α =
ψ2N
φ2
on Rn \W and α = 0 on Z \ (A ∩ Z)
is continuous.
We claim that the function β : Rn \ (A ∩ Z)→ R defined by
β =
φ2
φ2 + ψ2N
on Rn \ Z and β = 1 on Z \ (A ∩ Z)
is continuous. Indeed, since
R
n \ (A ∩ Z) = (Rn \A) ∪ (Rn \ Z) and (Rn \A) ∩ (Rn \ Z) = Rn \W,
it suffices to show that β is continuous on Rn \ A. However, on Rn \ A we have
β = 11+α which proves the claim. Therefore β is a regulous function with
Z(β) =W \ Z = A \ (A ∩ Z).
Since dim(Z) < dim(W ), it follows from the induction hypothesis that there exists
a regulous function γ : Rn → R with Z(γ) = A∩Z. By Proposition 2.4 once again,
if N ′ is a sufficiently large integer, the function f : Rn → R defined by
f = γN
′
β on Rn \ (A ∩ Z) and f = 0 on A ∩ Z
is continuous and hence regulous. By construction Z(f) = A as required. 
Kolla´r and Nowak [16] introduced hereditarily rational functions. It follows
from [16, top of page 91] that a function defined on an affine real algebraic variety
is continuous (in the Euclidean topology) and hereditarily rational if and only if it
is regulous. Thus, [16, Proposition 8] implies the following:
Proposition 2.6. Let f : V → R be a function defined on a nonsingular affine real
algebraic variety V . Then the following conditions are equivalent:
(a) f is regulous
(b) f is continuous (in the Euclidean topology) and there exists a Zariski open
dense subset V 0 ⊂ V such that f |V 0 is a regular function.

Furthermore, [16, Theorem 10] can be stated as follows.
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Theorem 2.7. Let V be an affine real algebraic variety, W ⊂ V a Zariski closed
subvariety, and f : W → R a regulous function. Then there exists a regulous func-
tion F : V → R such that F |W = f . 
It is not hard to generalize Theorem 2.7.
Proposition 2.8. Let V be an affine real algebraic variety, A ⊂ V a constructible
closed subset, and f : A → R a regulous function. Then there exists a regulous
function F : V → R such that F |A = f
Proof. Let W ⊂ V be the Zariski closure of A. We use induction on dim(W ). The
case dim(W ) = 0 is obvious since then W is a finite set.
Suppose that dim(W ) > 0. By Proposition 2.1, W ns ⊂ A. Hence
W = A ∪ Z,
where Z = W \W ns. Since dim(Z) < dim(W ) the induction hypothesis implies
that we can find a regulous function G : V → R with G|A∩Z = f |A∩Z . The function
H : W → R defined by
H = f on A and H = G on Z,
is continuous, hence regulous. By Theorem 2.7 there exists a regulous function
F : V → R with F |W = H . The proof is complete since F |A = f . 
Proposition 2.9. Let V be an affine real algebraic variety and let C ⊂ B ⊂ A ⊂
V be constructible closed subsets. For a function f : B \ C → R, the following
conditions are equivalent:
(a) f is regulous.
(b) There exists a regulous function F : A \ C → R with F |B\C = f .
(c) for every point x ∈ B \ C, there exist an open neighbourhood Ux ⊂ A of
x (in the constructible topology) and a regulous function fx : Ux → R such
that fx = f on Ux ∩ (B \ C).
Proof. (a) =⇒ (b) By Proposition 2.5, there exists a regulous function φ : V → R
with Z(φ) = C. According to Proposition 2.4, if N is a sufficiently large integer,
then the function g : B → R defined by
g = φNf on B \ C and g = 0 on C
is continuous, hence regulous. In view of Proposition 2.8, we can find a regulous
function G : V → R with G|B = g. Hence condition (b) holds with F :=
G
φN
on
A \ C.
(c) =⇒ (a) The constructible topology is Noetherian, and hence B \ C is quasi-
compact. Consequently,
B \ C ⊂ Ux1 ∪ . . . ∪ Uxr
for some points x1, . . . , xr in B \C. Condition (a) holds in view of Propositions 1.3
(1) and 1.4.
The proof is complete since the implication (b) =⇒ (c) follows from Proposition
1.3(1). 
Fichou, Huisman, Mangolte and Monnier [9] defined regulous functions in a dif-
ferent way. It follows from Propositions 2.6 and 2.9 that their definition is equivalent
to the one used in this paper.
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3. Regulous varieties
Let V be an affine real algebraic variety, and A ⊂ V a closed subset in the
constructible topology. We regard A as a topological space endowed with the
constructible topology. For every open subset U ⊂ A, the ring R0(U) of regulous
functions is defined. The assignment
R0A : U 7→ R
0
A(U) := R
0(U)
is a sheaf of rings on A, and (A,R0A) is a locally ringed space.
Definition 3.1. A locally ringed space (X,R0X), where R
0
X is a sheaf of real-valued
functions on X , is called an affine regulous variety if it is isomorphic to (A,R0A)
for some A as above. More generally, (X,R0X) is called a regulous variety if there
exists a finite open cover {U1, . . . , Ur} of X such that each (Ui,R0X |Ui) is an affine
regulous variety.
A morphism of regulous varieties, called a regulous map, is a morphism as locally
ringed spaces.
By abuse of notation we often write simply X for the regulous variety (X,R0X).
We call R0X the structure sheaf of X or the sheaf of regulous functions on X .
If U ⊂ X is an open subset, then the elements of R0X(U) are called regulous
functions on U . The underlying topology on X , called the constructible topology,
is Noetherian. An open subset U ⊂ X for which (U,R0X |U ) is an affine regulous
variety is called an affine open subset ofX . By definition, a regulous map f : Y → X
of regulous varieties is a continuous map such that for any open subset U ⊂ X and
any regulous function ϕ in R0X(U), the composite ϕ◦f |f−1(U) is a regulous function
in R0Y (f
−1(U)). Regulous varieties (together with regulous maps) form a category.
Proposition 3.2. Let V,W be affine real algebraic varieties, A ⊂ V , B ⊂ W
constructible closed subsets, and f : A → B some map. Then f is a regulous map
from (A,R0A) into (B,R
0
B) if and only if the composite i ◦ f : A→W is a regulous
map in the sense of Definition 1.2, where i : B →֒W is the inclusion map.
Proof. We can regardW (and hence B) as a subset of Rn and write f = (f1, . . . , fn)
with fj : A→ R. If f : (A,R0A)→ (B,R
0
B) is a regulous map, then the functions fj
are regulous, since fj = (πj ◦ i) ◦ f and the function (πj ◦ i) is clearly regulous (πk
denotes the projection from Rn onto the k-th coordinate). The converse implication
is just an application of Propositions 1.3 and 1.5. 
Proposition 3.3. Let (X,R0X) be an affine regulous variety and let U ⊂ X be an
open subset. Then the locally ringed space (U,R0X |U ) is an affine regulous variety.
Proof. We regard X as a constructible closed subset of an affine real algebraic
variety V . Making use of Proposition 2.5 we get a regulous function f : V → R
with Z(f) = X \ U . Clearly, g : V × R ∋ (x, y) 7→ f(x)y − 1 ∈ R is a regulous
function, and Y = Z(g) ∩ (X × R) is a constructible closed subset of V × R by
Proposition 1.3(2). Then, by Proposition 3.2, the map
U ∋ x 7→
(
x,
1
f(x)
)
∈ Y
is a regulous isomorphism, which completes the proof. 
Proposition 3.4. Let V be an affine real algebraic variety and let B ⊂ A ⊂ V be
constructible closed subsets. Then the restriction R0A|B coincides with R
0
B.
Proof. The assertion follows from Proposition 2.9. 
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Corollary 3.5. Let (X,R0X) be an affine regulous variety and let Z ⊂ X be a
locally closed subset. Then the locally ringed space (Z,R0X |Z) is an affine regulous
variety.
Proof. If Z is a closed subset, it suffices to apply Proposition 3.4. The general case
also requires Proposition 3.3. 
Corollary 3.6. Let (X,R0X) be a regulous variety and let Z ⊂ X be a locally
closed subset. Then the locally ringed space (Z,R0X |Z) is a regulous variety, and
the inclusion map i : Z → X is a regulous map.
Proof. The first assertion is a consequence of Corollary 3.5, and the second assertion
is obvious. 
Definition 3.7. Let (X,R0X) be a regulous variety. If Z ⊂ X is a closed (resp.
locally closed) subset, then (Z,R0X |Z) is called a regulous subvariety (resp. a locally
closed regulous subvariety) of (X,R0X). We will usually say simply that Z is a
regulous subvariety (resp. a locally closed regulous subvariety) of X.
We now describe a variant of the gluing construction.
Proposition 3.8. Let {Xi}i∈I be a finite collection of subsets of a set X. Assume
that each Xi is endowed with a structure of regulous variety (Xi,R0Xi) so that the
following conditions hold:
(1) Xi ∩Xj is open in Xi for all i, j ∈ I.
(2) R0Xi |Xi∩Xj = R
0
Xj
|Xi∩Xj for all i, j ∈ I
Then there exists exactly one structure of regulous variety (X,R0X) on X such that
each Xi is an open subset of X and R0X |Xi = R
0
Xi
Proof. The argument is straightforward. 
To define the product of regulous varieties, we proceed as in the case of algebraic
varieties.
Let V,W be affine real algebraic varieties, and A ⊂ V , B ⊂ W constructible
closed subsets. Then A × B is a constructible closed subset of the affine real al-
gebraic variety V ×W . We declare (A × B,R0A×B) to be the product of (A,R
0
A)
and (B,R0B). Given affine regulous varieties (X,R
0
X), (Y,R
0
Y ) and regulous isomor-
phisms f : (X,R0X)→ (A,R
0
A), g : (Y,R
0
Y )→ (B,R
0
B), the product (X×Y,R
0
X×Y )
is, by definition, an affine regulous variety so that the bijection f×g : X×Y → A×B
is a regulous isomorphism. This construction does not depend on the choice of iso-
morphisms f and g.
Suppose now that (X,R0X), (Y,R
0
Y ) are regulous varieties. Let {Xi}i∈I and
{Yj}j∈J be finite open affine covers of X and Y , respectively. The products
(Xi × Yj ,R0Xi×Yj ) are already well-defined affine regulous varieties. By applying
Proposition 3.8 we obtain a regulous variety (X × Y,R0X×Y ). This construction
does not depend on the choice of covers {Xi}i∈I , {Yj}j∈J .
Definition 3.9. The regulous variety (X × Y,R0X×Y ) constructed above is called
the product of (X,R0X) and (Y,R
0
Y ).
One readily checks that the canonical projections
πX : X × Y → X , πY : X × Y → Y
are regulous maps. Furthermore, for any regulous variety Z, a map f : Z → X × Y
is regulous if and only if the maps πX ◦ f , πY ◦ f are regulous.
Any regulous variety can be also endowed with the Euclidean topology, which is
induced by the standard metric on R.
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Proposition 3.10. Any regulous map f : X → Y of regulous varieties is continuous
in the Euclidean topology.
Proof. It suffices to prove that for any affine open subsets X0 ⊂ X , Y0 ⊂ Y with
f(X0) ⊂ Y0, the restriction f |X0 : X0 → Y0 is a continuous map in the Euclidean
topology. This, however, follows from Proposition 3.2. 
4. Regulous vector bundles
Let F stand for R, C, or H (the quaternions). We will consider only left F-vector
spaces which plays a role if F = H since the quaternions are noncommutative. For
consistency, we will consider only left modules over an arbitrary ring.
The F-vector space Fn is endowed with the standard inner product
〈−,−〉 : Fn × Fn → F
given by
〈(x1, . . . , xn), (y1, . . . , yn)〉 =
n∑
i=1
xiy¯i
where y¯i stands for the conjugate of yi in F.
4.A. Matrices and Grassmannians. Let Matm,n(F), or simply Matn(F) if m =
n, denote the F-vector space of allm-by-nmatrices with entries in F. For any matrix
A = [aij ] ∈ Matm,n(F), the corresponding F-linear transformation LA : Fn → Fn is
given by
(x1, . . . , xn) 7→ (y1, . . . , ym), where yi =
n∑
j=1
xjaij for i = 1, . . . ,m.
By abuse of notation we will often write A(v) instead of LA(v), for v ∈ Fn. If
B = [bjk] ∈ Matn,l(F), then we define the product AB = [cik] by
cik =
n∑
j=1
bjkaij .
This convention implies that LAB = LA ◦ LB.
When convenient, F will be identified with Rd(F), where d(F) = dimR F. In
particular, we can regard any finite-dimensional F-vector space as a real algebraic
variety. The general linear group GLn(F) is a Zariski open subset of the affine
real algebraic variety Matn(F). Furthermore, GLn(F) is a real algebraic group.
For F = R or F = C, one justifies these assertions concerning GLn(F) by using
determinants. For F = H, one can first embed Matn(H) in Mat2n(C) or in Mat4n(R)
and then apply determinants, cf. for example [38].
For any integers r and n, with 0 ≤ r ≤ n, we regard the space (Fn)r of all r-tuples
of vectors in Fn as an affine real algebraic variety. The Stiefel space Vr(F
n) of all
r-frames in Fn is a Zariski open subset of (Fn)r. We also regard the Grassmann
space Gr(F
n) of r-dimensional F-vector subspaces of Fn as a real algebraic variety.
The canonical projection
Vr(F
n) ∋ (v1, . . . , vr) 7→
r∑
i=1
Fvi ∈ Gr(F
n)
is a regular map, as is immediately seen by using the standard charts on Gr(F
n).
Actually, Gr(F
n) is an affine real algebraic variety and can be identified with
Mr(F
n) = {A ∈Matn(F) : A
2 = A = A∗, trace(A) = r},
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where A∗ stands for the conjugate transpose of A. The identifcation is effected via
the one-to-one correspondence
Mr(F
n) ∋ A 7→ A(Fn) ∈ Gr(F
n).
The treatment of Grassmannians along these lines is contained in [5, pp. 71-73,
352].
The disjoint union
G(Fn) =
n∐
r=0
Gr(F
n)
is an affine real algebraic variety as well.
4.B. Vector bundles in real algebraic geometry. We now recall some well-
known facts on F-vector bundles in real algebraic geometry. A detailed presentation
is given in [5, Chapter 12, Section 13.3].
Let V be an affine real algebraic variety. For any Zariski open subset U ⊂ V ,
denote by R(U,F) the ring of all regular functions from U into F. The assignment
RV (F) : U 7→ RV (F)(U) := R(U,F)
is a sheaf of rings of F-valued functions on V . In particular, RV (R) coincides with
the structure sheaf RV of V .
For any nonnegative integer n, let
εnV (F) = (V × F
n, p, V )
denote the product F-vector bundle of rank n on V , where V × Fn is regarded as
a real algebraic variety and p : V × Fn → V is the canonical projection. More gen-
erally, one considers pre-algebraic F-vector bundles and algebraic F-vector bundles
on V . The category of pre-algebraic F-vector bundles on V is equivalent to the
category of locally free RV (F)-sheaves of finite rank on V. A pre-algebraic F-vector
bundle on V that is isomorphic (in the category of pre-algebraic F-vector bundles
on V ) to a subbundle of εnV (F) is called an algebraic F-vector bundle. In [5, Ex-
ample 12.1.5], there is an example of a pre-algebraic R-line bundle on R2 that is
not algebraic. The category of algebraic F-vector bundles on V is equivalent to the
category of finitely generated projective R(V,F)-modules.
The tautological F-vector bundle γr(F
n) on Gr(F
n) and its orthogonal comple-
ment γ⊥r (F
n) (with respect to the standard inner product on Fn) are algebraic
vector subbundles of εn
Gr(Fn)
(F). We denote by γ(Fn) (resp. γ⊥(Fn)) the alge-
braic F-vector subbundle of εn
G(Fn)(F) whose restriction to Gr(F
n) is γr(F
n) (resp.
γ⊥r (F
n)).
For a pre-algebraic F-vector bundle ξ on V , the following conditions are equiva-
lent:
(a) ξ is an algebraic F-vector bundle.
(b) For some n, there exists a regular map f : V → G(Fn) such that the pullback
f∗γ(Fn) is algebraically isomorphic to ξ.
(c) For some n, there exists a surjective algebraic morphism εnV (F)→ ξ.
(d) ξ is generated by global algebraic sections.
(e) There exists a pre-algebraic F-vector bundle η on V such that ξ ⊕ η is
algebraically isomorphic to εnV (F) for some n.
(f) The total space of ξ is an affine real algebraic variety.
The equivalence of conditions (a)-(e) is established in [5, Sections 12.1, 12.6, 13.3].
It is proven in [12, 13, 31] that these conditions are equivalent to (f).
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4.C. Vector bundles in regulous geometry. Throughout the rest of this section
we adopt the following
Convention and notation 4.1. Unless explicitly stated otherwise, we will use
constructible topology on regulous varieties. For any regulous variety Y and any
nonnegative integer n, we will regard Y × Fn as a regulous variety. Henceforth, X
will denote an affine regulous variety.
We now introduce our main object of investigation.
Definition 4.2. A regulous F-vector bundle on X is a triple ξ = (E, p,X), where
E is a regulous variety (not necessarily affine), p : E → X is a regulous map, and
the fiber Ex = p
−1(x) is an F-vector space for every point x ∈ X . Furthermore,
the following local triviality condition holds: For each point x ∈ X , there exist an
open neighborhood U ⊂ X of x, an integer n ≥ 0 (depending on x), and a regulous
isomorphism ϕ : p−1(U)→ U × Fn such that ϕ(Ey) = {y}× Fn and the restriction
ϕy : Ey → {y} × Fn of ϕ is an F-linear isomorphism for every y ∈ U .
We call E (resp. p) the total space (resp. the projection) of the vector bundle
ξ. Sometimes it will be convenient to use the notation E(ξ) = E and p(ξ) = p.
We call (U,ϕ) a vector bundle chart for ξ. Since X is a quasi-compact topological
space, there exists a finite collection {(Ui, ϕi)}i∈I of vector bundle charts for ξ such
that the Ui cover X . If Z ⊂ X is a locally closed regulous subvariety, then the
restriction ξ|Z = (p−1(Z), p|p−1(Z), Z) is a regulous F-vector bundle on Z. The
rank of ξ is the function
rank ξ : X → Z defined by x 7→ dimF(Ex).
If (rank ξ)(x) = r for every x ∈ X , then ξ is said to be of constant rank r. Since X
is a Noetherian topological space, it has finitely many connected components. The
restriction of ξ to any connected component of X is a regulous F-vector bundle of
constant rank. Hence rank ξ is bounded by some nonnegative integer r0, that is,
(rank ξ)(x) ≤ r0 for all x ∈ X .
Definition 4.3. A regulous morphism (or a morphism for short) h : ξ → η of
regulous F-vector bundles ξ and η is a regulous map h : E(ξ) → E(η) such that
h(E(ξ)x) ⊂ E(η)x and the restriction hx : E(ξ)x → E(η)x of h is an F-linear
transformation for every point x ∈ X .
Regulous F-vector bundles on X (together with regulous morphisms) form a
category.
The product F-vector bundle εnX(F) = (X × F
n, p,X) will be regarded as a
regulous F-vector bundle. A regulous F-vector bundle ξ on X is said to be trivial
if it is isomorphic to εnX(F) for some n. A vector bundle chart p(ξ)
−1(U)→ U ×Fn
for ξ, where U ⊂ X is an open subset, is a regulous isomorphism between the
restriction ξ|U and εnU (F).
Morphisms of regulous F-vector bundles have the expected local description.
Namely, any regulous morphism h : εnX(F)→ ε
m
X(F) is of the form
h(x, v) = (x, g(x)(v)) for (x, v) ∈ X × Fn,
where g : X → Matm,n(F) is a regulous map.
Proposition 4.4. Let h : ξ → η be a morphism of regulous F-vector bundles on X.
If the map h is bijective then it is an isomorphism.
Proof. Our goal is to prove that the inverse map h−1 : E(ξ)→ E(η) is regulous. It
suffices to consider ξ = η = εnX(F). Then
h(x, v) = (x, g(x)(v)) for (x, v) ∈ X × Fn,
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where g : X → GLn(F) is a regulous map. Since
h−1(x,w) = (x, g(x)−1(w)) for (x,w) ∈ X × Fm,
the map h−1 is regulous, as required. 
In topology and complex algebraic geometry it is sometimes convenient to rep-
resent vector bundles by transition functions. This can be also done in regulous
geometry.
Definition 4.5. Let ξ be a constant rank n, regulous F-vector bundle on X . Let
{(Ui, ϕi)}i∈I be a finite collection of vector bundle charts for ξ such that the sets
Ui cover X . For i, j ∈ I, we have
(ϕi ◦ ϕ
−1
j )(x, u) = (x, gij(x)(u)) for (x, u) ∈ (Ui ∩ Uj)× F
n,
where gij : Ui∩Uj → GLn(F) is a regulous map. The maps {gij}i,j∈I are called the
transition functions for ξ corresponding to {(Ui, ϕi)}i∈I . They satisfy the following
conditions:
(1) gijgjk = gik on Ui ∩ Uj ∩ Uk for all i, j, k in I (the cocycle condition),
(2) g−1ij = gji for all i, j in I,
(3) gii = In (the identity matrix).
Proposition 4.6. Let {Ui}i∈I be a finite open cover of X. Assume that there
are given regulous maps gij : Ui ∩ Uj → GLn(F) satisfying all three conditions of
Definition 4.5. Then there exists a constant rank n regulous F-vector bundle η =
(E, p,X) on X with transition functions {gij}i,j∈I corresponding to some vector
bundle charts {(Ui, ψi)}i∈I . Such a vector bundle η is uniquely determined up to
regulous isomorphism.
Proof. We form an equivalence relation on the union
∐
i∈I{i}×Ui×F
n by declaring
that (j, x, v) ∈ {j}×Uj×Fn and (k, x, w) ∈ {k}×Uk×Fn are equivalent whenever
gjk(x)(w) = v. Let E denote the quotient space of this equivalence relation and let
p : E → X be the map that sends the equivalence class [(i, x, v)] to x. The fiber
Ex = p
−1(x) is in a natural way an F-vector space. The map
ψi : p
−1(Ui)→ Ui × F
n, [(i, x, v)] 7→ (x, v)
is bijective and its restriction Ex → {x} × Fn is an F-linear isomorphism for every
x ∈ Ui. We transfer the structure of regulous variety on Ui × Fn onto p−1(Ui) by
using ψi. Since the collection {gij} satisfies the cocycle condition, Proposition 3.8
makes it possible to endow the triple η = (E, p,X) with a structure of regulous
F-vector bundle for which the (Ui, ψi) are vector bundle charts. Then {gij}i,j∈I is
the collection of transition functions for η corresponding to {(Ui, ψi)}i∈I .
Let η′ be another regulous F-vector bundle of rank n on X which admits vector
bundle charts {(Ui, ψ′i)}i∈I with transition functions {gij}i,j∈I . Then h : η
′ → η
given by
h(v) = ψ−1i (ψ
′
i(v)) for v ∈ p(η
′)−1(Ui)
is a well defined isomorphism of regulous F-vector bundles on X . 
Given an open subset U ⊂ X , we denote by R0(U,F) the ring of all regulous
functions from U into F. The assignment
R0X(F) : U 7→ R
0
X(F)(U) := R(U,F)
is a sheaf of rings of F-valued functions on X . Clearly, R0X(R) coincides with the
structure sheaf R0X of X .
Proposition 4.6 allows us to relate regulous F-vector bundles on X and locally
free R0X(F)-sheaves of finite rank.
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Let ξ be a regulous F-vector bundle on X . A regulous section s : U → ξ of ξ
on an open subset U ⊂ X is a regulous map s : U → E(ξ) such that s(x) ∈ E(ξ)x
for every point x ∈ U . The set Γ0(U, ξ) of all regulous sections of ξ on U is an
R0(U,F)-module. The assignment
Γ0X(ξ) : U 7→ Γ
0
X(ξ)(U) := Γ
0(U, ξ)
is an R0X(F)-sheaf on X . If there is a vector bundle chart p
−1(U)→ U × Fr for ξ,
then the restriction Γ0X(ξ)|U is isomorphic to the r-fold direct sum
(R0X(F)|U )
⊕r = (R0X(F)|U )⊕ . . .⊕ (R
0
X(F)|U ).
Consequently, Γ0X(ξ) is a locally free R
0
X(F)-sheaf of finite rank. We can identify
R0X(F) and (R
0
X)
⊕d(F) as R0X -sheaves. Thus, Γ
0
X(F) is also a locally free R
0
X -sheaf
of finite rank.
To any morphism h : ξ → η of regulous F-vector bundles on X we can associate
a morphism Γ0X(h) : Γ
0
X(ξ)→ Γ
0
X(η) of R
0
X(F)-sheaves on X , defined by
Γ0X(ξ)(U) = Γ
0(U, ξ) ∋ s 7→ h ◦ s ∈ Γ0(U, η) = Γ0X(η)(U)
for every open subset U ⊂ X .
Theorem 4.7. The functor ξ 7→ Γ0X(ξ), defined above, is an equivalence of the
category of regulous F-vector bundles on X with the category of locally free R0X(F)-
sheaves of finite rank on X.
Proof. By Proposition 4.6, the assignment ξ 7→ Γ0X(ξ) establishes a one-to-one
correspondence between regulous F-vector bundles on X and locally free R0X(F)-
sheaves of finite rank on X , provided that objects of either type are considered
up to isomorphism. Furthermore, one easily checks that the map of the sets of
morphisms
Mor(ξ, η) ∋ h 7→ Γ0X(h) ∈Mor(Γ
0
X(ξ),Γ
0
X(η))
is bijective. The proof is complete. 
Let ξ and ξ′ be regulous F-vector bundles on X . As expected, we say that ξ′ is
a regulous F-vector subbundle of ξ if E(ξ′) is a closed regulous subvariety of E(ξ),
p(ξ′) = p(ξ)|E(ξ′), and the fiber E(ξ
′)x is an F-vector subspace of E(ξ)x for every
point x ∈ X .
Given a morphism h : ξ → η of regulous F-vector bundles on X , we set
K(h) = {v ∈ E(ξ) : h(v) = 0}
and define two triples
kerh = (K(h), p(ξ)|K(h), X),
imh = (h(E(ξ)), p(η)|h(E(ξ)), X).
Proposition 4.8. Assume that the morphism h : ξ → η has the following property:
For each connected component Y of X, there exists an integer k such that the linear
transformation hx : E(ξ)x → E(η)x has rank k for every point x ∈ Y . Then kerh
is a regulous F-vector subbundle of ξ, and imh is a regulous F-vector subbundle of
η.
Proof. Both assertions can be established by slightly modifying the proof of the cor-
responding result for topological F-vector bundles given in [14, Chapter 3, Section
8]. 
Proposition 4.8 implies the following.
Corollary 4.9. Let h : ξ → η be a surjective morphism of regulous F-vector bundles
on X. Then kerh is a regulous F-vector subbundle of ξ.
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By combining Propositions 4.4 and 4.8 we get the following.
Corollary 4.10. Let h : ξ → η be an injective morphism of regulous F-vector bun-
dles on X. Then imh is a regulous F-vector subbundle of η. Furthermore, h gives
rise to an isomorphism ξ → imh.
Let Y be an affine regulous variety, θ a regulous F-vector bundle on Y , and
f : X → Y a regulous map. The pullback f∗θ is a regulous F-vector bundle on X .
Recall that the total space of f∗θ is
E(f∗θ) = {(x, v) ∈ X × E(θ) : f(x) = p(θ)(v)}
and the bundle projection p(f∗θ) : E(f∗θ) → X is given by (x, v) 7→ x. If γ is an
F-vector subbundle of θ, then f∗γ is an F-vector subbundle of f∗θ. Henceforth we
identify f∗εnY (F) with ε
n
X(F) via the isomorphism given by
E(f∗εnY (F)) = {(x, (y, v)) ∈ X × (Y × F
n) : f(x) = y} → E(εnX(F)) = X × F
n
(x, (y, v)) 7→ (x, v).
Thus, if γ is a regulous F-vector subbundle of ǫnY (F), then f
∗γ is a regulous F-vector
subbundle of εnX(F).
If an affine real algebraic variety V is regarded as an affine regulous variety, then
any pre-algebraic F-vector bundle on V can also be regarded as a regulous F-vector
bundle. In particular, the tautological F-vector bundle γ(Fn) on G(Fn) can be
regarded as a regulous F-vector subbundle of εn
G(Fn)(F).
Proposition 4.11. Let ξ be a regulous F-vector subbundle of εnX(F). Then the map
f : X → G(Fn), defined by {x} × f(x) = E(ξ)x for all x ∈ X, is a regulous map
with f∗γ(Fn) = ξ
Proof. By assumption, the total spaceE(ξ) is a closed regulous subvariety ofX×Fn,
and p(ξ) : E(ξ) → X is the restriction of the canonical projection X × Fn → X .
Let ϕ : p(ξ)−1(U) → U × Fr be a vector bundle chart for ξ. For i = 1, . . . , r, we
define ϕi : U → Fn by (x, φi(x))) = φ−1(x, ei), where (e1, . . . , er) is the standard
basis for Fr. Obviously, φi is a regulous map. Furthermore, for each x ∈ U the
vectors ϕ1, . . . , ϕr(x) form a basis for the F-vector space f(x). Since the map
U ∋ x 7→ (ϕ1(x), . . . , ϕr(x)) ∈ Vr(F
n)
is regulous, so is the map f |U : U → Gr(Fn) (cf. Subsection 4.B). Consequently, f
is a regulous map with ξ = f∗γ(Fn. 
Let ξ and η be regulous F-vector bundles onX . The direct sum ξ⊕η is a regulous
F-vector bundle on X . The total space of ξ ⊕ η is
E(ξ ⊕ η) = {(v, w) ∈ E(ξ)× E(η) : p(ξ)(v) = p(η)(w)}
and the bundle projection p(ξ ⊕ η) : E(ξ ⊕ η)→ X is given by (v, w) 7→ p(ξ)(v).
Suppose now that ξ is a regulous F-vector subbundle of εnX(F). Then ξ =
f∗γ(Fn), where f : X → G(Fn) is the regulous map defined in Proposition 4.11.
Furthermore, ξ⊥ = f∗γ⊥(Fn) is a regulous F-vector subbundle of εnX(F). We refer
to ξ⊥ as the orthogonal complement of ξ in εnX(F).
Proposition 4.12. Let ξ be a regulous F-vector subbundle of εXn (F). Then
ξ ⊕ ξ⊥ ∋ (v, w) 7→ v + w ∈ εnX(F)
is an isomorphism of regulous F-vector bundles on X.
Proof. It is clear that the map under consideration is an injective morphism. Thus
it suffices to apply Proposition 4.4. 
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Let ξ be a regulous F-vector bundle on X . A regulous section of ξ defined on X
is called a global section. We say that ξ is generated by global sections if there exist
global regulous sections s1, . . . , sn of ξ such that the vectors s1(x), . . . , sn(x) span
the F-vector space E(ξ)x for every point x ∈ X .
The following provides a method for constructing global regulous sections.
Proposition 4.13. Let ξ = (E, p,X) be a regulous F-vector bundle on X. Let
f : X → R be a regulous function and s : X \ Z(f) → E a regulous section of ξ.
Then for each integer N large enough, the map u : X → E defined by
u(x) = f(x)Ns(x) for x ∈ X \ Z(f) and u(x) = 0 for x ∈ Z(f)
is a global regulous section of ξ.
Proof. Let {(Ui, ϕi)}i∈I be a finite collection of vector bundle charts for ξ with
φi : p
−1(Ui)→ Ui × Fni such that {Ui}i∈I is a cover of X . Setting U = X \ Z(f),
we get a regulous map
φi ◦ s|U∩Ui : U ∩ Ui → Ui × F
ni .
Note that
U ∩ Ui = Ui \ Z(f |Ui).
By Proposition 2.4, for each integer N large enough, the map ui : Ui → E defined
by
ui(x) = f(x)
Ns(x) for x ∈ Ui \ Z(f |Ui) and ui(x) = 0 for x ∈ Z(f |Ui)
is a regulous section of ξ. Since u|Ui = ui for all i ∈ I, it follows that u is a global
regulous section of ξ. 
In the following result, we list the main geometric properties of regulous vector
bundles.
Theorem 4.14. Let ξ be a regulous F-vector bundle on X. Then ξ is generated by
n global regulous sections, for some positive integer n. Furthermore, the following
conditions hold:
(1) There exists a surjective regulous morphism εnX(F)→ ξ.
(2) ξ is isomorphic to a regulous F-vector subbundle of εnX(F).
(3) There exists a regulous map f : X → G(Fn) such that ξ is isomorphic to
f∗γ(Fn) in the category of regulous F-vector bundles on X.
(4) There exists a regulous F-vector bundle η on X such that ξ ⊕ η and εnX(F)
are isomorphic in the category of regulous F-vector bundles on X.
(5) The total space E(ξ) is an affine regulous variety.
Proof. Let {(Ui, ϕi)}i∈I be a finite collection of vector bundle charts for ξ such that
the sets Ui cover X . It is clear that the restriction ξ|Ui is generated by regulous
sections defined on Ui. By Proposition 2.5, Ui = X \ Z(fi) for some regulous
function fi : X → R. In view of Proposition 4.13, ξ is generated by n global
regulous sections s1, . . . , sn, for some positive integer n. The map
h : X × Fn ∋ (x, (v1, . . . , vn)) 7→ v1s1(x) + . . .+ vnsn(x) ∈ E(ξ)
is then a surjective regulous morphism h : εnX(F)→ ξ, which proves (1).
By Corollary 4.9, η = kerh is a regulous F-vector subbundle of εnX(F). According
to Proposition 4.12, η⊕ η⊥ is isomorphic to εnX(F) and the restriction of h to η
⊥ is
a bijective regulous morphism η⊥ → ξ. Thus, η⊥ is isomorphic to ξ by Proposition
4.4. Consequently, conditions (2) and (4) hold. In view of (2) and Proposition 4.11,
condition (3) holds as well. Condition (5) follows from (2). The proof is complete.

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In Subsection 4.B we recalled the essential distinction between pre-algebraic
vector bundles and algebraic vector bundles. Theorem 4.14 shows that there is no
counterpart of this phenomenon for regulous vector bundles.
The first assertion in Theorem 4.14 can be also proved in a different way. Indeed,
for any regulous F-vector bundle ξ on X , the sheaf Γ0X(ξ) of its regulous sections is
a locally free R0X -sheaf. In particular, Γ
0
X(ξ) is a quasicoherent R
0
X -sheaf. Thus,
according to the regulous version of Cartan’s theorem A [9, The´ore`me 5.46], the
R0X -sheaf Γ
0
X(ξ) is generated by global sections. It follows that the F-vector bundle
ξ is generated by global regulous sections. However, we think that the simple direct
proof given above is of independent interest.
The correspondence between vector bundles and projective modules established
by Serre [35] and Swan [36] also holds in regulous geometry. To describe it we
revert to the notation introduced in the paragraph preceding Theorem 4.7.
Let ξ be a regulous F-vector bundle on X . By Theorem 4.14(4), Γ0(X, ξ) is
a finitely generated projective R0(X,F)-module. To any morphism h : ξ → η of
regulous F-vector bundles on X we can associate a homomorphism
Γ0(X, ξ) ∋ s 7→ h ◦ s ∈ Γ0(X, η)
of R0(X,F)-modules.
Theorem 4.15. The functor ξ 7→ Γ0(X, ξ) described above is an equivalence of the
category of regulous F-vector bundles on X with the category of finitely generated
projective R0(X,F)-modules.
Proof. One can easily adapt the proof of the counterpart of this result in the topo-
logical framework given in [1, pp. 30-31]. 
Theorem 4.14 allows us to prove the following variant of Proposition 4.12.
Proposition 4.16. Let θ be a regulous F-vector bundle on X, and ξ a regulous
F-vector subbundle of θ. Then there exists a regulous F-vector subbundle η of θ
such that
α : ξ ⊕ η ∋ (v, w) 7→ v + w ∈ θ
is a regulous isomorphism.
Proof. In view of Theorem 4.14(2), we may assume that θ is a regulous F-vector
subbundle of εnX(F). Hence ξ is also a regulous F-vector subbundle of ε
n
X(F). We
identify ξ ⊕ ξ⊥ with εnX(F) via the isomorphism described in Proposition 4.12. Let
h : θ → ξ be the restriction of the canonical projection εnX(F) = ξ ⊕ ξ
⊥ → ξ. By
Proposition 4.8, η = kerh is a regulous F-vector subbundle of θ. Furthermore, α is
a bijective morphism, hence an isomorphism in view of Proposition 4.4. 
Remark 4.17. If ξ and η are regulous F-vector bundles on X , where F = R or
F = C, then we have at our disposal the familiar method of constructing new
regulous F-vector bundles: ξ ⊗ η, Hom(ξ, η), Λkξ (the k-th exterior power) and ξ∨
(the dual bundle). For example, the fiber of Hom(ξ, η) over any point x ∈ X is the
F-vector space of all F-linear transformations from E(ξ)x into E(η)x.
For regulous H-vector bundles ξ and η on X , we can define in the obvious way a
regulous R-vector bundle Hom(ξ, η) on X , whose fiber over any point x ∈ X is the
R-vector space of all H-linear transformations from E(ξ)x into E(η)x.
We conclude this section by describing how regulous vector bundles can be iden-
tified with stratified-algebraic vector bundles introduced in [26] and further studied
in [22, 24, 27]
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Remark 4.18. According to Theorem 4.14(2), the investigation of regulous F-
vector bundles on X can be restricted to regulous F-vector subbundles of εnX(F),
where n is a nonnegative integer. We now give an alternative description of such
subbundles. We may assume without loss of generality that X is a constructible
closed subset of some affine real algebraic variety V .
Suppose that ξ is a regulous F-vector subbundle of εnX(F). Let f : X → G(F
n)
be the map defined by
(1) {x} × f(x) = E(ξ)x for all x ∈ X.
By Proposition 4.11, f is a regulous map and ξ = f∗γ(Fn). In view of Proposition
3.10, f is continuous (in the Euclidean topology) and there exists a stratification S
of X such that for every stratum S ∈ S the restriction f |S is a regular map. Thus,
ξ is a topological (in the Euclidean topology) F-vector subbundle of εnX(F) with the
following property:
(2)
For every stratum S ∈ S the restriction ξ|S is an algebraic F-vector
subbundle of εnX(F).
Conversely, suppose that ξ a topological F-vector subbundle of εnX(F) satisfying
condition (2) for some stratification S of X (that is, a stratified-algebraic F-vector
bundle on X). Defining a continuous map f : X → G(Fn) by (1), we get ξ =
f∗γ(Fn). In addition, the restriction f |S is a regular map for every stratum S ∈ S
(cf. [5, Sections 12.1, 12.6, 13.3]). It follows that f is a regulous map, and ξ can be
regarded as a regulous F-vector subbundle of εnX(F).
In conclusion, regulous F-vector bundles can be identified with stratified-algebraic
F-vector bundles. Furthermore, one can show in a similar way that morphisms of
regulous F-vector bundles can be identified with morphisms of stratified-algebraic
F-vector bundles. It should be mentioned that in [22, 24, 26, 27] stratified-algebraic
F-vector bundles on X are considered explicitly only in the case where X is an
affine real algebraic variety.
5. Families of vector subspaces
In this section we present a new approach to regulous and algebraic vector bun-
dles, based on recently obtained results [17]. As in Section 4, we let F denote R, C
or H.
Definition 5.1. Let Ω be a set and let n be a nonnegative integer. A family of
F-vector subspaces of Fn on Ω is a triple ξ = (E, p,Ω), where E is a subset of
Ω × Fn, p : E → Ω is the restriction of the canonical projection Ω × Fn → Ω, and
the fiber Ex = p
−1(x) is an F-vector subspace of {x} × Fn for every point x ∈ Ω.
The classifying map of ξ is the map f : Ω→ G(Fn) defined by {x} × f(x) = Ex
for all x ∈ X
For any subset Σ ⊂ Ω, the restriction ξ|Σ = (p−1(Σ), p|p−1(Σ),Σ) is a family of
F-vector subspaces of Fn on Σ.
Theorem 5.2. Let V be an affine real algebraic variety, X ⊂ V a constructible
closed subset, and ξ a family of F-vector subspaces of Fn on X. Then the following
conditions are equivalent:
(a) ξ is a regulous F-vector subbundle of εnX(F).
(b) For each irreducible real algebraic curve C ⊂ V , the restriction ξ|X∩C is a
regulous F-vector subbundle of εnX∩C(F).
Proof. It is clear that (a) implies (b). Suppose now that (b) holds. Setting ξ =
(E, p,X), we consider the classifying map f of ξ. Then we get ξ = f∗γ(Fn), as
families of F-vector subspaces of Fn on X . To prove that (a) holds it suffices to
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show that f is a regulous map. This can be done as follows. We regard G(Fn) as
a Zariski closed subset of RN and write
f = (f1, . . . , fN) : X → G(F
n) ⊂ RN .
By Proposition 4.11, the restriction f |X∩C : X ∩ C → G(Fn) is a regulous map,
hence the restrictions fi|X∩C : R→ are regulous functions. In particular, the func-
tions fi|X∩C are continuous (in the Euclidean topology). Note that there are only
two possibilities: either the set X ∩ C is finite or the set C \ (X ∩ C) is finite. In
either case, there exists a Zariski open dense subset C0 ⊂ C such that X ∩C0 is a
Zariski locally closed subset of C and the restrictions fi|X∩C0 are regular functions.
It follows from [17, Theorem 1.7, Proposition 3.1] that the fi are regulous functions.
Thus, the map f is regulous, as required. 
We also have a result of a similar nature for algebraic F-vector bundles. Recall
that for any real algebraic variety W , we denote by W ns its nonsingular locus.
Theorem 5.3. Let V be a nonsingular affine real algebraic variety, and ξ a family
of F-vector subspaces of Fn on V . Then the following conditions are equivalent.
(a) ξ is an algebraic F-vector subbundle of εnX(F).
(b) For each irreducible real algebraic surface S ⊂ V , the restriction ξ|Sns is an
algebraic F-vector subbundle of εnSns(F).
Proof. It is clear that (a) implies (b). Suppose now that (b) holds. Arguing as in
the proof of Theorem 5.2, we need only show that the classifying map
f : V → G(Fn) ⊂ RN
is regular by considering its component functions fi. By assumption, the restriction
f |Sns : Sns → G(Fn) is a regular map (cf. [5, Sections 12.1, 12.6, 13.3]), hence the
restrictions fi|Sns are regular functions. By [17, Theorem 6.2], the fi are regular
functions and so is f , as required. 
Our final result does not depend on [17], but it fits into the framework of this
section.
Let V be a nonsingular affine real algebraic variety. If ξ is a regulous (resp.
an algebraic) F-vector subbundle of εnX(F), then its total space E(ξ) is a regulous
(resp. a nonsingular real algebraic) subvariety of V ×Fn. This observation provides
motivation for the following.
Proposition 5.4. let V be a nonsingular affine real algebraic variety and let ξ be
a regulous F-vector subbundle of εnV (F). Assume that the total space E(ξ) is a C
∞
submanifold of V × Fn. Then ξ is an algebraic F-vector subbundle of εnV (F).
Proof. We claim that ξ is an F-vector subbundle of εnV (F) of class C
∞. Indeed, since
the map V → E(ξ), given by x 7→ (x, 0), is of class C∞, the map p(ξ) : E(ξ) → V
is a C∞ submersion. Thus, in view of the constant rank theorem, for each point
x ∈ V , one can find an open neighborhood (in the Euclidean topology) U ⊂ V of x
and C∞ maps s1, . . . , sr : U → E(ξ) such that p(ξ)(si(y)) = y and the vectors si(y)
form a basis of the F-vector space E(ξ)y for every point y ∈ U . The claim easily
follows.
The claim implies that the classifying map f : V → G(Fn) of ξ is of class C∞.
Furthermore, f is a regulous map by Proposition 4.11, and hence there exists a
Zariski open dense subset X0 ⊂ X such that the restriction f |X0 is a regular map.
According to [18, Proposition 2.1], f is a regular map. The proof is complete since
ξ = f∗γ(Fn). 
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6. Regulous versus topological vector bundles
In this section we generalize to affine regulous varieties some results of [26] on
relationships between stratified-algebraic and topological vector bundles on affine
real algebraic varieties. Such generalizations are not quite routine in general. As
noted in Remark 4.18, stratified-algebraic vector bundles can be identified with
regulous vector bundles.
Henceforth, F will stand for R, C or H. Any regulous F-vector bundle ξ on an
affine regulous variety X can be also viewed as a topological F-vector bundle, which
is indicated by ξtop. When topological vector bundles are considered, we always
regard X as a topological space endowed with the Euclidean topology. We say that
a topological F-vector bundle on X admits a regulous structure if it is isomorphic
to ξtop for some ξ as above. We denote by VBF-reg(X) and VBF(X) the monoids
of isomorphism classes (in the appropriate category) of, respectively, regulous and
topological F-vector bundles on X . Furthermore, we let KF-reg(X) and KF(X)
denote the corresponding Grothendieck groups.
Theorem 6.1. Let X be an affine regulous variety which is compact in the Eu-
clidean topology. Then the homomorphisms
VBF-reg(X)→ VBF(X) , KF-reg(X)→ KF(X)
induced by the correspondence ξ 7→ ξtop are injective. Furthermore, a topological
F-vector bundle admits a regulous structure if and only if its class in KF(X) belongs
to the image of the second isomorphism
Proof. According to Theorem 4.15, regulous F-vector bundles on X can be in-
terpreted as finitely generated projective R0(X,F)-modules. In turn, by Swan’s
theorem [36], topological F-vector bundles on X can be interpreted as finitely gen-
erated projective modules over the ring C(X,F) of continuous (in the Euclidean
topology) F-valued functions on X . Note that C(X,F) is a topological ring with
the topology induced by the supremum norm. The subring R0(X,F) is dense in
C(X,F) in view of the Weierstrass approximation theorem. Now, it is sufficient to
invoke Swan’s theorem [37, Theorem 2.2]. 
Remark 6.2. The homomorphisms in Theorem 6.1 need not be surjective, cf.
[26, Example 7.10] and [22, Theorem 1.7]. The reader may consult [22, 26, 27] for
results and conjectures on the images of these homomorphisms.
In the rest of this section, it will always be clear from the context when a given
regulous vector bundle ξ is viewed as a topological vector bundle, without writing
ξtop.
We will consider continuous maps between regulous varieties, always referring to
the Euclidean topology. The following basic approximation result will be useful.
Lemma 6.3. Let X be an affine regulous variety, A ⊂ X a closed regulous sub-
variety, and f : X → R a continuous function whose restriction f |A is a regulous
function. Assume that X is compact in the Euclidean topology. Then for every
ε > 0 there exists a regulous function g : X → R such that g|A = f |A and
|f(x)− g(x)| < ε for all x ∈ X.
Proof. We may assume that X ⊂ Rn is a constructible closed subset. According to
Proposition 2.5, A = Z(α) for some regulous function α : Rn → R. The map
e : X ∋ x 7→ (α(x), x) ∈ Rn+1
is a regulous embedding. Hence, by replacing X with e(X), we get
X ⊂ Rn+1 ⊂ V := Pn+1(R) and A = X ∩H,
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where Pn+1(R) is real projective (n+ 1)-space and
H = {(x0 : . . . : xn) ∈ P
n+1(R) : x0 = 0}.
By Proposition 2.8, there exists a regulous function φ : V → R with φ|A = f |A. In
view of Tietze’s extension theorem, one can find a continuous function ψ : V → R
satisfying ψ|X = f − φ|X and ψ|H = 0. By [8, Lemma 2.1], there exists a regular
function γ : V → R such that γ|H = 0 and
|ψ(x) − γ(x)| < ε for all x ∈ V.
The function g := (γ + φ)|X has all the required properties. 
Given affine regulous varieties X and Y , we denote by C(X,Y ) the space of
all continuous maps from X into Y , endowed with the compact-open topology.
We concentrate our attention on maps with values in G(Fn) for some fixed n (cf.
Subsection 4B for notation). Lemma 6.3 allows us to generalize [26, Theorem 4.10]
as follows.
Theorem 6.4. Let X be an affine regulous variety, A ⊂ V a closed regulous
subvariety, and f : X → G(Fn) a continuous map whose restriction f |A is a regulous
map. Assume that X is compact in the Euclidean topology. Then the following
conditions are equivalent:
(a) Each neighborhood of f in C(X,G(Fn)) contains a regulous map
g : X → G(Fn) with f |A = g|A.
(b) The map f is homotopic to a regulous map h : X → G(Fn) with h|A = f |A.
(c) The pullback F-vector bundle f∗γ(Fn) on X admits a regulous structure.
Proof. It is well-known that (a) implies (b). If (b) holds, then so does (c) since the
F-vector bundles f∗γ(Fn) and h∗γ(Fn) are topologically isomorphic. It remains to
prove that (c) implies (a).
Suppose that (c) holds. To allow for a uniform treatment, given F-vector bundles
θ1 and θ2, we regard Hom(θ1, θ2) as an R-vector bundle (cf. Remark 4.17). We
simplify notation by setting γ = γ(Fn) and εkX = ε
k
X(F) for any nonnegative integer
k. In view of Theorem 4.14 (2), we can find a positive integerm, a regulous F-vector
subbundle ξ of εmX , and a topological isomorphism ϕ : ξ → f
∗γ. Regarding f∗γ as
a topological subbundle of εnX , we get a continuous section w : X → Hom(ξ, ε
n
X)
defined by
w(x)(e) = ϕ(e) for x ∈ X and e ∈ E(ξ)x.
In particular, w(x) : E(ξ)x → E(εnX)x = {x} × F
n is an injective F-linear transfor-
mation with
w(x)(E(ξ)x) = {x} × f(x).
The equality εmX = ξ ⊕ ξ
⊥ (the isomorphism of Proposition 4.12 is used as identi-
fication) and the canonical projection ρ : εmX → ξ allow us to define a continuous
section w¯ : X → Hom(εmX , ε
n
X) by
w¯(x)(e) = w(x)(ρ(e)) for x ∈ X and e ∈ E(εmX)x = {x} × F
m.
We identify Hom(εmX , ε
n
X) and ε
mn
X as R-vector bundles. Hence, by the Weierstrass
approximation theorem, we can find a regulous section v : X → Hom(εmX , ε
n
X),
arbitrarily close to w¯ in the compact-open topology. If σ : εnX = f
∗γ⊕(f∗γ)⊥ → f∗γ
is the canonical projection and if i : f∗γ → εnX is the inclusion morphism, then
v¯ = i ◦ σ ◦ v : X → Hom(εmX , ε
n
X)
is a continuous section close to w¯. Furthermore, the F-linear transformation
v¯(x) : E(ξ)x → E(ε
n
X)x = {x} × F
n
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is injective and satisfies
v¯(x)(E(ξ)x) = {x} × f(x) for all x ∈ X.
Since the map f |A is regulous, the F-vector bundle (f |A)∗γ = (f∗γ)|A on A is
regulous and the restriction σA : ε
n
X |A → (f
∗γ)|A of σ is a regulous morphism.
Consequently, the restriction v¯|A : A → Hom(εmX , ε
n
X) is a regulous section. By
Lemma 6.3, there exists a regulous section u : X → Hom(εmX , ε
n
X) that is close to v¯
and satisfies u|A = v¯|A. Furthermore, the F-linear transformation
u(x) : E(ξ)x → {x} × F
n
is injective for all x ∈ X . Then, the map g : X → G(Fn) defined by
u(x)(E(ξ)x) = {x} × g(x) for x ∈ X
is regulous (cf. Subsection 4B), close to f , and g|A = f |A. Condition (a) follows,
which completes the proof. 
Any topological F-vector bundle ξ on an affine regulous varietyX can be regarded
as an R-vector bundle, which is indicated by ξR. In particular, ξR = ξ if F = R. If
the F-vector bundle ξ admits a regulous structure, then so does the R-vector bundle
ξR.
Theorem 6.5. Let X be an affine regulous variety which is compact in the Eu-
clidean topology. A topological F-vector bundle ξ on X admits a regulous structure
if and only if the R-vector bundle ξR admits a regulous structure.
If X is an affine real algebraic variety, then Theorem 6.5 coincides with [26,
Theorem 1.7]. The latter result was rather unexpected and played the key role
in the subsequent papers [22, 27]. The proof of Theorem 6.5 cannot be reduced
directly to the already known case and requires some additional preparation.
Let V be an affine real algebraic variety and W ⊂ V a Zariski closed subvariety.
A multiblowup π : V ′ → V of V is a regular map which is the composition of a
finite sequence of blowups with nonsingular centers. In particular, V ′ is an affine
real algebraic variety, and π is a proper map in the Euclidean topology. We say
that the multiblowup π is over W if the restriction πW : V
′ \ π−1(W )→ V \W of
π is a biregular isomorphism.
Multiblowups allow us to replace in some arguments affine regular varieties with
affine real algebraic varieties. We first describe a general setup.
Notation 6.6. Let V be an affine real algebraic variety and let X ⊂ V be a
constructible closed subset that is Zariski dense in V . According to Hironaka’s
resolution of singularities theorem [11] (cf. also [15]), there exists a multiblowup
π : V ′ → V over the singular locus W = Sing(V ) of V , with V ′ nonsingular. Note
that π(V ′) is the Euclidean closure of V ns = V \ Sing(V ) in V. Furthermore,
π(V ′) ⊂ X by Proposition 2.1. We let π¯ : V ′ → X denote the regulous map defined
by π¯(z) = π(z) for z ∈ V ′
Lemma 6.7. Preserving Notation 6.6, assume that V is compact in the Euclidean
topology. Let ξ be a topological F-vector bundle on X. Then the following conditions
are equivalent:
(a) The F-vector bundle ξ admits a regulous structure.
(b) The F-vector bundles ξ|X∩W on X ∩ W and π¯∗ξ on V ′ admit regulous
structures
Proof. It is clear that (a) implies (b).
Suppose that (b) holds. Since X is compact in the Euclidean topology, we may
assume that ξ is of the form ξ = f∗γ(Fn) for some n > 0, where f : X → G(Fn) is
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a continuous map. In particular, ξ|V ∩W = (f |X∩W )∗γ(Fn). By Theorem 6.4 (with
A = ∅), the restriction f |X∩W is homotopic to a regulous map f0 : X∩W → G(Fn).
Recall that (X,X ∩W ) is a polyhedral pair, cf. [5, Theorem 9.2.1]. Thus, in view
of the homotopy extension theorem, one can find a continuous map φ : X → G(Fn)
that is homotopic to f and satisfies φ|X∩W = f0. The F-vector bundles f∗γ(Fn)
and φ∗γ(Fn) are topologically isomorphic, so the proof is reduced to the case in
which f |X∩W is a regulous map.
The subset A = π−1(X ∩W ) ⊂ V ′ is constructible closed, and the restriction
(f ◦ π¯)|A of π is a regulous map. Furthermore,
(f ◦ π¯)∗γ(Fn) = π¯∗(f∗γ(Fn)) = π¯∗ξ
By Theorem 6.4, one can find a regulous map F : V ′ → G(Fn) that is arbitrarily
close to f ◦ π¯ in C(X,G(Fn)) and satisfies F |A = (f ◦ π¯)|A. Since π is a proper map
and the restriction πW : V
′ \π−1(W )→ V \W of π is a biregular isomorphism, the
map g : X → G(Fn) defined by
g(x) =
{
F (π−1W (x)) for x ∈ X \ (X ∩W )
f(x) for x ∈ X ∩W
is a regulous map. Since F is close to f ◦ π¯, the map g is close to f . Hence
g is homotopic to f , and the F-vector bundles g∗γ(Fn) and f∗γ(Fn) = ξ are
topologically isomorphic. Condition (a) holds since g∗γ(Fn) is actually a regulous
F-vector bundle. 
Proof of Theorem 6.5. As it was already noted, Theorem 6.5 holds (being equiva-
lent to [26, Theorem 1.7]) if X is an affine real algebraic variety. This fact together
with Lemma 6.7 will yield the proof in the general case. Only the ’if’ part requires
a proof.
Let ξ be a topological F-vector bundle on X such that the R-vector bundle ξR
admits a regulous structure. We may assume that X is a constructible closed subset
of real projective n-space Pn(R). Let V be the Zariski closure of X in Pn(R) and let
W , π, π¯ be as in Notation 6.6. In particular, V ′ is an affine real algebraic variety
which is compact in the Euclidean topology, and π¯ is a regulous map. The proof can
be completed by induction on dim(V ). The case dim(V ) = 0 is obvious. Suppose
then that dim(V ) > 0. Since the R-vector bundle (ξ|X∩W )R = (ξR)|X∩W on X ∩W
admits a regulous structure, so does the F-vector bundle ξ|X∩W on X ∩W by the
induction hypothesis. Furthermore, the R-vector bundle (π¯∗ξ)R = π¯
∗(ξR) on V
′
admits a regulous structure, hence the F-vector bundle π¯∗ξ on V ′ also admits a
regulous structure. Consequently, by Lemma 6.7, the F-vector bundle ξ admits a
regulous structure, as required. 
Remark 6.8. The problem of describing relationships between algebraic and reg-
ulous vector bundles on an affine real algebraic variety is also of interest. The
following is contained in [26, Example 1.11]. Let Tn = S1 × . . .× S1 be the n-fold
product of the unit circle S1. If n ≥ 4, then there exists a regulous F-vector bundle
on Tn which is not topologically isomorphic to any algebraic F-vector bundle.
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